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We study electronic states and topological invariants of (001)–films of topological crystalline
insulator (TCI) PbxSn1−xTe. Gapless surface Dirac cones on bulk TCIs become gapped in thin
films due to finite-size effect, which is hybridization between those on the top and bottom surfaces.
We clarify that the TCI film has the strong finite-size effect as compared to three-dimensional
topological insulators such as Bi2Se3. Moreover, the energy gap oscillates with the thickness of film.
The oscillation stems from topological phase transitions in two dimensions. The obtained data of
the topological invariants and energy gap serve as guide to TCI-device applications.
PACS numbers: 71.20.-b, 73.20.At, 71.70.Ej
I. INTRODUCTION
Topological insulators (TIs) are a new state of matter
which supports Dirac fermions on its surface and exhibit
novel phenomena resulting from the Dirac fermions.1–3
A prototypical TI is quantum Hall insulator in which
time-reversal symmetry is broken. In recent years, on
the other hand, time-reversal symmetric TI has attracted
much attention. Interestingly, symmetry, e.g., time-
reversal, gives rise to nontrivial topological number and
related topological phenomena. Various symmetries in
condensed matters are expected to yield diverse topolog-
ical materials.
Surface Dirac fermions on TIs are protected by time-
reversal symmetry. Nowadays, so-called topological crys-
talline insulators (TCIs),4 which are a nontrivial insula-
tor supporting surface Dirac fermions protected by crys-
tal symmetry, has been proposed5 and experimentally
discovered6–8 in IV–VI semiconductors. Topological pro-
tection by crystalline symmetry enables us to find new
topological systems even in insulators which have been
thought to be topologically trivial. Moreover, the mech-
anism different from that of TI can lead to different topo-
logical phenomena. Indeed, many materials9–13 and the-
oretical studies14–24 on TCI have been reported. Fur-
thermore, superconductivity25 and its topological non-
triviality26 in a doped TCI has been observed and at-
tracted attentions.27–33
TCIs are not so robust since the crystal symmetry can
be easily broken by an external field. Nonetheless, this
behavior can be applied to a highly controllable device:
an external electric field breaking the crystal symmetry
may control the gap of the surface Dirac fermions. Note
that this is a great advantage for device application. TI
device, in principle, can be realized but needs a mag-
netic field, which is not convenient in a nano-sized sys-
tem, to open and control energy gap in the surface Dirac
fermions. An electric field is, on the other hand, easily
implemented in devices, such as field-effect transistor.
From the perspective of topological material design
and its application, nano-fabrication, e.g., thin film and
heterostructure, is one of the most promising ways:
the number of careers in thin films can be highly con-
trolled by applying gate voltage, and electronic states
and its dimensionality can be dramatically tuned in het-
erostructures. Indeed, there are many studies on thin
films34–45 and heterostructures46–51 of TIs. Furthermore,
several studies on nano-fabrication of TCIs have been
reported; field-effect devices with using TCI,52–54 TCI
heterostructure,55 and experimental fabrication of TCI
films.56–58 Now device application of TCIs is becoming
active.
In this paper, we study electronic states and topolog-
ical invariants of thin film of PbxSn1−xTe. In the thin
film, the surface Dirac cones become gapped since the
wave functions of the top and bottom surface states hy-
bridize with each other. As the number of layers Nz in-
creases, the induced gap decays exponentially but slowly
as compared to TIs such as Bi2Se3. For the odd numbers
of layers, we find that the energy gap shows a damped os-
cillation as a function of Nz, which stems from two types
of topological phase transition in two dimensions: one is
that between a trivial to two-dimensional TCIs, and the
other is that between two TCIs. The former transition
is in agreement with that obtained in Ref. 53. And also,
a similar damped oscillation of the energy gap is found
in the even numbers of layers, which accompanies an-
other topological phase transition. These non-monotonic
change of the energy gap and topological phase are quali-
tatively and quantitatively clarified. Our results are use-
ful for experiments on thin films of TCIs.
The paper is organized as follows. In Sec. II, we
present electronic states of a (001)–film of PbxSn1−xTe.
Thickness dependence of the energy gap is closely shown.
The causes of this dependence are resolved in terms of
topological invariants in Sec. III. Gapless edge states re-
lated to the topological invariants are also clarified. Fi-
nally we summarize our results in Sec. IV. The details of
the model Hamiltonian, symmetry, and the topological
numbers are explained in Appendices.
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2FIG. 1. Crystal structure of SnTe, the first Brillouin zone,
and its projection onto the (001) plane. Mirror symmetry
with respect to (110) plane illustrated in the figure protects
the surface Dirac cones.
FIG. 2. Energy dispersion for SnTe near the X¯ point in slab
geometry shown in the inset. The arrow denotes the Dirac
point of the surface states. The number of layers is set to
Nz = 45. The parameters for SnTe are taken from Ref. 59.
II. ENERGY GAP INDUCED BY FINITE-SIZE
EFFECT
Bulk PbxSn1−xTe is a TCI, which supports gapless
Dirac cones protected by the (110)–reflection symme-
try. Firstly, we review the gapless surface states on the
bulk system. Next, we show extensive data on the en-
ergy gap induced by the finite-size effect in thin films of
PbxSn1−xTe.
A. Gapless surface states on the bulk
We use a model Hamiltonian of IV–VI semiconductors
with s, p, and d orbitals.59 The fcc crystal structure and
the corresponding first Brillouin zone are illustrated in
Fig. 1. The bottom of conduction band and top of
valence band are located near the L points. The L points
are projected onto the X¯ points on the (001) surface.
Figure 2 shows an energy dispersion for a thick SnTe
slab, where two surface Dirac cones are located on the
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FIG. 3. Finite-size-effect-induced energy gap for thin films
of non-topological PbTe [(green) square], TCI SnTe [(red)
circle], and TI Bi2Se3 [(blue) triangle] as a function of the
thickness. The solid and dashed lines denote the magnitude
of energy gap for the odd and even numbers of layers, respec-
tively.
Γ¯X¯ line. The model of IV–VI semiconductor with the
(001) surface is explicitly shown in Appendix A 1. The
Dirac cones are protected by the mirror Chern number
in the (110) surface.5 On the contrary, there is no gapless
surface states along the X¯M¯ nor Γ¯M¯ lines. Note that in
this model the origin of energy is set to the top of valence
bands, and the Fermi energy is located at the Dirac point
(E ∼ 0.15eV) for charge neutral cases.
B. Strong finite-size effect in SnTe
Next we turn to energy gap in the (001) thin film. A
wave function of the gapless surface states decays expo-
nentially into the bulk ψ ∼ e−z/ξ with the penetration
depth ξ. For the thin film case, the tails of wave func-
tions of the surface states localized on the top and bottom
surfaces overlap with each other. In consequence, energy
gap (∼ e−Nz/ξ) of the surface states is induced due to
the finite-size effect. The induced gap for TCI SnTe film
are shown in Fig. 3. The induced gap for TI Bi2Se3 film
(see Appendix A 3), and energy gap for a trivial insulator
PbTe film are also shown as a reference. The energy gap
of PbTe film is nearly independent of the thickness, and
reaches to be 0.2eV which is the magnitude of the bulk
gap, since PbTe has no gapless surface state. On the
other hand, the energy gap of SnTe film decreases ex-
ponentially (ξ ∼ 10 layers ∼ 30 A˚) and oscillates as the
thickness increases. We firstly focus on the damping part.
The oscillation part will be discussed in the next section.
In the thick limit, the energy gap of SnTe vanishes and
gapless surface Dirac cones are reproduced on the (001)
surface. As a reference, the energy gap of Bi2Se3 film
is shown. The energy gap decreases and oscillates more
quickly (ξ ∼ 1 quintuple layer ∼ 10A˚) than that of SnTe
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FIG. 4. Energy gap in thin film of PbxSn1−xTe for various
compositions x for the odd numbers of layers.
film. The difference comes from crystal structure: SnTe
is a cubic crystal, and Bi2Se3 is a rhombohedral crystal
with quintuple layered structure. Namely, in SnTe, all
the bondings are equivalent. But in Bi2Se3, the bonding
between the quintuple layers is weak. This is the rea-
son why the finite-size effect in (001) thin film of SnTe is
much stronger than that of Bi2Se3.
We quantitatively clarify the magnitude of the finite-
size-effect induced gap in PbxSn1−xTe thin films (Fig. 4).
For x ≥ 0.75, the system is in the trivial phase. As the
thickness increases, the energy gap decreases exponen-
tially and converges to be the bulk band gap (0.2eV for
PbTe and 0.08eV for Pb0.75Sn0.25Te) in the thick limit.
At 0.5 < x < 0.75, the topological phase transition oc-
curs and the system falls into the TCI phase in x ≤ 0.5.
In the TCI phase, the energy gap decays as ∼ e−Nz/ξ.
As can be seen from Fig. 4, the decay ratio of the en-
ergy gap (∼ ξ−1) is proportional to the distance from the
topological phase transition point. Just at the transition
point (0.5 < x < 0.75), the energy gap decays extremely
slowly (ξ →∞).
C. Oscillation of the energy gap
The calculated results shown in Figs. 3 and 4 exhibit
oscillation of the energy gap for the TCI films in addi-
tion to the exponential decay as a function of the thick-
ness. Such a damped oscillation is known to exist in TI
Bi2Se3.
34–41 Moreover, an even-odd effect also appears in
the energy gap (see SnTe in Fig. 3). This behavior is un-
derstood intuitively as follows: the top and bottom layers
are the same (different) for odd (even) numbers of layers
of the (001) film. Actually, the even and odd numbers
of layers have different symmetries and are characterized
by different topological invariants, as we shall see in Sec.
III.
Here we show the details on the oscillation for odd
numbers of layers of PbxSn1−xTe (Fig. 4). In the triv-
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FIG. 5. Period d of oscillation of the energy gap in the film
in unit of the number of layers as a function of x (a) and of
1/
√
Eg(L) (b) with Eg(L) the bulk band gap at the L point.
ial phase (x ≥ 0.75) the energy gap does not oscillate.
At the topological phase transition point (located at
0.5 < x < 0.75), the energy gap closes in Nz → ∞,
i.e., the period of the oscillation is regarded to be infin-
ity. Apart from the transition point, x ≤ 0.5, the pe-
riod becomes shorter, and takes to be about 20 layers for
x = 0. On the other hand, the period of the oscillation
in Bi2Se3 is about three quintuple-layers, which is one
order of magnitude shorter than that of SnTe. Namely,
in materials with the strong finite-size effect, the magni-
tude of the energy gap slowly decays and oscillates with
a long period as a function of the thickness. Note that
the period in TI films is given by pi
√
B/M0,
36 where M0
and B correspond to the magnitude of bulk band gap and
effective mass, respectively (see Appendix A 3). We find
an empirical rule for the period in a PbxSn1−xTe film,
which is similar to that for TI films. The period is scaled
by
√
1/Eg(L) with Eg(L) the magnitude of band gap at
the L point in the bulk, as shown in Fig. 5.
D. Discussion
To summarize the finite-size-effect-induced energy gap
of TCI films, a damped oscillation occurs in the energy
gap as a function of the thickness, whose period is about
20 layers (∼ 60A˚). A TCI film has an advantage over
the bulk system: bipolar transport can be realized with
applying a gate voltage. The Fermi level can be tuned
also to the Dirac point on the surface states of the bulk
TCI. Our result shows the penetration depth of wave
function of the surface states in the film is about 10 layers
(∼ 30A˚). In order to use PbxSn1−xTe film as a three-
dimensional TCI, the number of layers must be set to
Nz  10. Alternatively, it is useful that the thickness is
set to the hot spot (for SnTe, Nz ∼ 20A˚, 40A˚, 80A˚, 120A˚,
· · · , see Fig. 3) which is a minimal value in the damped
oscillation.
With decreasing the thickness, the system crossovers
from three-dimensional to two-dimensional insulators
around Nz ∼ ξ ∼ 10, energy gap of the surface states
becomes larger. The crossover is schematically summa-
rized in Fig. 6. In exchange for gapless surface states,
4the thin film works as a two-dimensional TCI with one-
dimensional edge states, which will be explained in the
next session.
III. TOPOLOGICAL PHASE DIAGRAM
In this section, we show that oscillatory behavior of
the energy gap found in the previous section stems from
topological phase transitions, i.e., the energy gap takes
a minimal value in the vicinity of the transition point.
The corresponding gapless edge states are also discussed.
The film has the (001)–reflection symmetry defined by
MH(kx, ky)M† = H(kx, ky) with
Mcn(kx, ky)M† = ηMcNz+1−n(kx, ky), M = −iPzsz,
(1)
where H is Hamiltonian of the film, Pz is the (001)–
reflection operator acting on the orbitals, sz is the z-
component of spin, cn is the annihilation operator in the
n-th layer for n = 1, · · · , Nz, and η is a phase factor as
η = −1 for Nz = 4m− 3, Nz = 4m− 2, and η = +1 for
Nz = 4m − 1, Nz = 4m with m ∈ N. Since the (001)-
reflection symmetry is preserved in the odd numbers of
layers,53 one can define the mirror Chern number. Addi-
tionally, the (001)–reflection symmetry can be extended
to the even numbers of layers, as explained in Appendix
B. As a result, the Hamiltonian of the even and odd num-
bers of layers is decomposed into the mirror-even H+
and mirror-odd H− sectors, which has the definite mir-
ror eigenvalue of M = +i (mirror-even) and M = −i
(mirror-odd), as
H(kx, ky) = H+(kx, ky)⊕H−(kx, ky), (2)
H±(kx, ky) = P±H(kx, ky)P±, (3)
with the projection operator P± onto the mirror-
even/odd sector
P± =
∑
m
|±,m〉〈±,m|, M|±,m〉 = ±i|±,m〉, (4)
with |±,m〉 being the m–th eigenvector of M with an
eigenvalue of ±i.
Differently from the odd numbers of layers, since time-
reversal symmetry is preserved in each mirror sector for
the even numbers of layers (see Appendix B 3), the mirror
Chern number vanishes. Instead, we introduce a topolog-
ical invariant characterizing bulk energy bands and gap
in the even numbers of layers. The results for the even
and odd numbers of layers are summarized in Fig. 6.
The details are explained in the following sections.
A. Odd numbers of layers
1. Phase diagram
The topological phase of the odd numbers of layers is
characterized by the (001)–mirror Chern number NM,
53
which is defined by
NM =
N+ −N−
2
, (5)
where N+ and N− denote the Chern number for the
mirror-even and mirror-odd sectors, respectively. N± is
calculated by the method proposed in Ref. 60. The ob-
tained topological phase diagram for the odd numbers
of layers is shown in Fig. 7 with the magnitude of the
energy gap. For the odd numbers of layers of SnTe film
with Nz ≤ 3 and Nz ≥ 5, the mirror Chern number NM
is obtained to be NM = 0 and |NM| = 2, respectively.
The topological phase transition occurs between Nz = 3
and Nz = 5. At this time the band gap closes at the
X¯ point.53 This is why the energy gap takes a minimal
value between Nz = 3 and Nz = 5. The same tendency
is seen for x = 0.25 and x = 0.5: the topological phase
transition from trivial to |NM| = 2 insulators occurs at
7 < Nz < 9 for x = 0.25 and at 21 < Nz < 23 for
x = 0.5. On the other hand, for x ≥ 0.75, there exists no
non-trivial phase for any Nz.
2. Edge state
Next we investigate detail electronic states of the
(100)–edge states. The one-dimensional projected Bril-
louin zone onto the (100) edge is defined in ky ∈ [−pi, pi] as
illustrated in Fig. 6(d). Edge spectral function ρ±(ky, E)
in each mirror sector is defined by
ρ±(ky, E) = Im lim
Nx→∞
1
E − H˜±(ky) + i0
∣∣∣∣∣
nx=Nx
, (6)
in the semi-infinite system,61 where H˜±(ky) =
P±H˜(ky)P± is the Hamiltonian in each mirror sector
and H˜(ky) is a Hamiltonian of the film with (100) de-
fined in Appendix A 2. The edge charge ρ±,c(ky, E) and
spin ρ±,s(ky, E) spectral functions for the mirror-even
and mirror-odd sectors are defined by
ρ±,c(ky, E) =
1
18Nz
Tr [ρ±(ky, E)] , (7)
ρ±,s(ky, E) =
1
18Nz
Tr [szρ±(ky, E)] , (8)
where the normalization factor of 1/18 is multiplied since
each mirror sector has 18 bands. The spin and mirror
resolved edge density of states (DOS) ρ±,s is given by
ρ±,↑(E) =
∫
dky
2pi
ρc(ky, E) + ρs(ky, E)
2
, (9)
ρ±,↓(E) =
∫
dky
2pi
ρc(ky, E)− ρs(ky, E)
2
. (10)
The calculated results for the mirror-even sector are
shown in Fig. 8. The thickness is set to Nz = 7, where
5Nz ∼ ξ ∼ 10
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FIG. 6. Dimensional crossover (a) from three-dimensional (3D) to two-dimensional (2D) insulators in a PbxSn1−xTe film.
The two-dimensional gapless surface states (b) has a large gap in thin film of Nz < ξ ∼ 10 (c). The mirror-Chern phase
|NM| = 2 supporting the mirror-chiral gapless edge states and the |ζM| = 2 phase, which is defined by Eq. (11), supporting the
mirror-helical gapless/gapful edge states, are realized for the odd and even numbers of layers, respectively. Energy dispersions
of the edge states are schematically shown. The (red) solid and (blue) dashed line denote those of edge states in the mirror-even
and mirror-odd sectors. In the thin limit, the system falls into a trivial insulator. The two dimensional and the projected
one-dimensional BZs are illustrated in (d).
E
(e
V
)
E
(e
V
)
E
(e
V
)
Nz
E
(e
V
)
Nz
10−4
10−3
10−2
10−1
100
(a) SnTe
NM = +2
NM = −2
0
(b) Pb0.25Sn0.75Te
+2
−2
0
10−4
10−3
10−2
10−1
0 10 20 30 40
(c) Pb0.5Sn0.5Te
+2
0
0 10 20 30 40 50
(d) Pb0.75Sn0.25Te
NM = 0
FIG. 7. Topological phase diagram in odd numbers of layers
of PbxSn1−xTe. TCI with |NM| = 2 is realized in the shaded
regions. Energy gap is denoted by the open circles, closed
squares, and open squares for non-topological insulator NM =
0, TCI with NM = 2, and TCI with NM = −2, respectively.
the mirror Chern number is obtained to be NM = 2.
The charge spectral function [Fig. 8(a)] clearly show two
branches of gapless mirror-chiral edge states, which are
protected by the mirror Chern number NM = 2. As the
edge states have been expected to be spin-filtered,53 we
evaluate the spin spectral function [Fig. 8(b)]. This in-
dicates that the gapless edge states in the left and right
branches are composed of spin up and down, respectively.
Both edge states with spin up and down can go to the
same direction, i.e., the spin of edge states is not com-
pletely but partially filtered. In the edge DOS, spin po-
larization is estimated to be (ρ+,↑ − ρ+,↓)/(ρ+,↑ + ρ↓) ∼
0.1 within the bulk gap as shown in Fig. 8(c).
In the present system, the (001)–reflection operatorM
is given byMcnM† = ηMcNz+1−n and M = −iPzsz [see
Eq. (1)], which depends not only on spin but also on or-
bitals and layer: spins of px– and py–orbitals are canceled
with that of pz–orbital in the (001)–reflection, and the re-
flection is nonlocal with respect to degrees of freedom of
layer n. As a consequence, the (001)–reflection operator
is no longer regarded as the well-defined spin. But the
partially polarized z-component of spin [Fig. 8(c)] may
give rise to spin transport phenomena such as spin Hall
conductance. For realization of a spintronics device with
TCI films, more extensive studies on the edge states is
needed.
The second minima in the energy gap appear at Nz =
25 for SnTe [Fig. 7(a)] and at Nz = 35 for Pb0.25Sn0.75Te
[Fig. 7(b)]. This stems from the sign-change of the mir-
ror Chern number at these minima, where the band gap
closes simultaneously at two momenta away from the X¯
point. Note that there is an ambiguity on the sign of
the mirror Chern number since the phase factor of the
reflection operator M is arbitrary. The phase is fixed to
η in Eq. (1). Validity of this choice is proven by confirm-
ing the detail structure of energy dispersion for the edge
states shown in Fig. 9. The finite–size–effect induced
gap is located at ky ∼ 0.91pi, and there exists gapless
edge states within the gap. In the NM = 2 phase, the
group velocity of the edge state in the M = +i sector
is negative [Fig. 9(a) and 9(b)] near ky ∼ 0.91pi. The
bulk gap shows a minimum at 25 < Nz < 27 then the
group velocity becomes positive in the NM = −2 phase
[Fig. 9(c) and 9(d)]. The sign change of the mirror Chern
6FIG. 8. The edge charge ρ+,c(ky, E) (a) and spin ρ+,s(ky, E) (b) spectral functions and the spin-resolved edge DOS ρ+,↑(E)
and ρ+,↓(E) (c) for the mirror-even sector. The thickness is set to Nz = 7. All the vertical axes denote energy E (eV) in the
same scale.
FIG. 9. Edge spectral function ρ±,c(ky, E) for Nz = 23 [(a) and (e)], 25 [(b) and (f)], 27 [(c) and (g)], and 29 [(d) and (h)].
The mirror eigenvalue is given by M = +i for (a)–(d) and M = −i for (e)–(h). The mirror Chern number is obtained to be
NM = 2 for Nz ≤ 25 and NM = −2 for Nz ≥ 27.
number captures change of the local structure of energy
dispersions for the edge states, i.e., the sign of the mirror
Chern number corresponds to that of the edge state in
the vicinity of the bulk band gap. And also, the similar
situation occurs in the M = −i sector [Fig. 9(e)–9(h)].
The above discussion justifies the definition Eq. (1) and
the choice of the phase factor η.
B. Even numbers of layers
1. Phase diagram
The mirror Chern number NM vanishes in the even
numbers of layers since time-reversal symmetry [see Eq.
(B14)] is preserved. In stead of the mirror Chern number,
a winding number ζM becomes nontrivial. ζM is defined
by ζM = (ζ+ − ζ−)/2 with
ζ± =
∫ 2pi
0
dky
2pi
∂θ±(ky)
∂ky
− θ±(2pi)− θ±(0)
2pi
, (11)
and
θ±(ky) = Im ln det
{
P exp
[
i
∫ pi
−pi
dkxA±(kx, ky)
]
×B±(ky)
}
, (12)
where P stands for the path-ordering. The non-Abelian
Berry connection A± is defined by62,63
[A±(kx, ky)]mn = 〈kx, ky,±,m| ∂
∂kx
|kx, ky,±, n〉, (13)
where |kx, ky,±,m〉 is an eigenvector of the Hamiltonian
H±(kx, ky), and m, n are the occupied band indices. Ma-
trix B(ky), which is defined by
[B±(ky)]mn = 〈pi, ky,±,m |−pi, ky,±, n〉 , (14)
is attached in Eq. (11) so that ζM is invariant for gauge
transformation and symmetry operations of the system.
ζM introduced above is a Z topological invariant in two
spatial dimension. This invariant is protected by trans-
lation, reflection, and time-reversal symmetries, which is
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FIG. 10. Topological phase diagram in even numbers of
layers of PbxSn1−xTe. Energy gap and topological invariant
ζM are shown. |ζM| = 2 is denoted by the closed square in the
shaded region.
explained in Appendix C. A numerical recipe for ζM is
given also in Appendix C.
The calculated topological invariant are shown in Fig.
10 with the energy gap. In the thin limit, the topolog-
ical number is obtained to be ζM = 0. As the thick-
ness increases, the energy gap takes a minimal value at
12 < Nz < 14 for SnTe, at 18 < Nz < 20 for Pb0.25Sn0.75,
and at 40 < Nz < 42 for Pb0.5Sn0.5Te, when the topo-
logical number changes from ζM = 0 to |ζM| = 2. The
change of topological invariant must be associated by
bulk gap closing. This is why the energy gap exhibits
minima as the thickness increases in the even numbers of
layers.
2. Edge state
Here we discuss gapless one-dimensional edge states
on the (100) edge [see Fig. 6(d)] in the case of |ζM| =
2. Figure 11 shows the edge charge spectral function
ρ+,c(ky, E) for the mirror-even sector in the even num-
bers of layers of SnTe film. There are gapless mirror-
helical edge states at ky ∼ pi for |ζM| = 2. One can
see degeneracy of the edge states at the zone bound-
ary ky = pi in Fig. 11(a), which is protected by the
time-reversal symmetry defined in Appendix B 3. Fig-
ure 11(b) shows the total edge-charge-spectral function
ρ+,c(ky, E)+ρ−,c(ky, E). Degeneracies of the edge states
at ky 6= pi are protected by the (001)–reflection symme-
try. Both time-reversal and (001)–reflection symmetries
are necessary for gapless edge states in the case of even
numbers of layers.
The gapless edge states is, however, not robust: it is
removed without bulk gap closing. As illustrated in Fig.
12, two branches can be merged and become gapped con-
FIG. 11. One-dimensional gapless edge states along the (100)
edge in SnTe film with Nz = 20 for (a) the mirror-even and
(b) both sectors. The degeneracies denoted by the arrows
are protected by mirror-reflection (MRS) and time-reversal
(TRS) symmetries, respectively.
E
gapless
ky
E
merging
ky
E
gapped
ky
FIG. 12. Evolution from gapless to gapped edge states in-
duced by perturbation. The energy dispersions correspond to
that in Fig. 11(a).
tinuously without any gap closing. Although the sys-
tem has the nontrivial topological invariant ζM, it has no
bulk-edge correspondence. Equation (11) is a topologi-
cal number protected by a complex symmetry involving
spatial inversion symmetry (see Appendix C 2), which is
preserved in the bulk but not in the edge. Namely, a
nontrivial value of ζM does not lead to the existence of
robust gapless edge states.
The second minima of energy gap at Nz = 40 for the
SnTe film [Fig. 7(a)] originates from the change of the
topological number from |ζM| = 2 to ζM = 0. It follows
that the local structure of energy dispersion for the edge
states changes near the band gap, via bulk gap closing
as explained below. Figures 13 and 14 show the edge
charge spectral function for Nz = 38 and Nz = 40, in the
vicinity of which the topological number changes from
|ζM| = 2 to ζM = 0 and the band gap closes. The whole
structures of energy dispersion for Nz = 38 [Figs. 13(a)
and 13(c)] and Nz = 40 [Figs. 13(b) and 13(d)] are nearly
the same. Near the band gap (ky ∼ 0.912pi), on the
other hand, gapless edge states for Nz = 38 [Figs. 14(a)
and 14(c)] become gapped for Nz = 40 [Figs. 14(b) and
14(d)], accompanying the change of topological number
ζM. The change of ζM can describe bulk gap closing and
generation of gapless edge states, although the bulk-edge
correspondence does not exactly hold.
8FIG. 13. Edge spectral function for Nz = 38 [(a) and (c)]
and Nz = 40 [(b) and (d)]. The mirror eigenvalue is given by
M = +i for (a) and (b) and M = −i for (c) and (d).
FIG. 14. Edge spectral function in the vicinity of the band
gap. (a)–(d) correspond to those in Fig. 13, respectively.
C. Discussion
In the thin film, the mirror Chern insulator of |NM| = 2
with robust gapless mirror-chiral edge states and |ζM| = 2
insulator with gapless/gapful mirror-helical edge states
are realized for the odd and even numbers of layers, re-
spectively. Experimental evidence of these edge states is
quantization of two-terminal charge conductance Gxx of
the order of Gxx ∼ e2/h, e.g., Gxx = 4e2/h for Nz = 7
[Fig. 8(a)] and Gxx = 8e
2/h for Nz = 20 (Fig. 11) in the
ballistic limit.
What is a quantity directly related to NM or ζM? One
of the candidates is mirror Hall conductance, which is
defined by GM,xy = G+,xy − G−,xy, where G±,xy de-
notes charge Hall conductance in each mirror sector.
In the odd numbers of layers, the gapless mirror-chiral
edge states result in the quantized mirror Hall conduc-
tance GM,xy = 2NMe
2/h. On the contrary, the mirror
Chern number, i.e., the mirror Hall conductance van-
ishes (NM = 0) in the even numbers of layers since the
system has time-reversal symmetry in each mirror sector
and the corresponding edge states are mirror-helical. If
one measure the mirror Hall conductance, the |NM| = 2
and |ζM| = 2 insulators can be distinguished from each
other.
Note that it is difficult to detect the mirror Hall con-
ductance experimentally since mirror is not observable.
In single band systems, the (001)–reflection operator M
can be identified to spin as M = −isz, i.e., mirror Hall
conductance is equivalent to spin Hall conductance. In
multi-orbital systems, on the other hand, the (001)–
reflection operator depends on orbitals. Spins of each
orbital can be partially canceled in each mirror sector.
In fact, we found that the gapless edge states in each
mirror sector for the |NM| = 2 phase has partial (about
10%) spin polarization. This leads to a (not quantized)
finite value of z-component spin Hall conductance, which
is an evidence of the |NM| = 2 phase. Besides, to find
phenomena directly related to the mirror Chern number
is an important remaining issue.
It is also a challenging study to characterize |ζM| 6= 0
insulators by physical quantities since it has no robust
gapless edge state. The relevant system is inversion sym-
metric insulator in odd spatial dimensions, in which the
topological number does not guarantee the existence of
gapless edge states but mid-gap entanglement modes64,65
and the magneto-electric crossed response.65 In this case,
the topological number is equivalent to the magneto-
electric polarizability.66 Unfortunately, such a nontrivial
response has not been found in even spatial dimensions.
To make matters more challenging, the topological num-
ber ζM is protected by a combination of mirror-reflection,
time-reversal, translation in the reciprocal space, and in-
version symmetries. Such a crystalline topological num-
ber in even spatial dimensions also should be made a
correlation to physical phenomena.
All calculations in the paper have been based on a
tight-binding model which does not include the surface
and edge potential effects in a self-consistent manner. In
particular, surface reconstruction could be important for
tiny energy gaps and small energy ranges over which the
edge states exist. On the other hand, edge reconstruc-
tion is not so much important as surface reconstruction
for qualitative study since the existence of edge state
is guaranteed by the topological invariant in the two-
dimensional bulk system. For quantitative study in the
small energy scales, surface– and edge–reconstruction ef-
fects should be evaluated.
For transport measurement and device application, it
is necessary to study effects of surface roughness of the
film. We have shown the non-monotonically thickness-
dependent energy gap and two-dimensional topological
number. The even numbers of layers has the topological
number different from that of the odd numbers of layers.
These suggest that surface roughness can crucially affect
the topological phase and resulting transport phenom-
9ena. This issue should be discussed elsewhere.
Furthermore, recently, nanowires of SnTe have been
synthesized.67,68 Finite-size effect of one-dimensional
SnTe wires, which is natural extension of the present
work, will be discussed in future work.
IV. SUMMARY
In summary, we have elucidated electronic states and
topological invariants in a TCI PbxSn1−xTe film. Energy
gap of the film shows damped oscillation as a function of
the thickness. We have also clarified that the oscillation
of energy gap originates from the change of topological
number from trivial to Z invariants. This structure is
richer than that of Z2 TIs such as Bi2Se3, in which only
Z2 phase can be realized in the film. In contrast, the
topological numbers of the TCI film can be tuned to the
(signed) mirror Chern number NM = ±2, and also to
|ζM| = 2, by tuning the number of layers of film. The
obtained data may provide essential support for under-
standing electronic states and transport properties of the
film, which depend non-monotonically on the number of
layers.
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Appendix A: Model
1. (001)–film based on the 36 × 36 model
Based on the 36 × 36 model,59 we construct a model
for (001)-film of IV–VI semiconductors as
H =
Nz∑
nz=1
c†nzcnz +
Nz−1∑
nz=1
(
c†nz tzcnz+1 + H.c.
)
. (A1)
36 × 36 matrices  and tz are obtained from the bulk
Hamiltonian with the substitutions of 2 cos kz/2 →
c†ncn+1 + c
†
n+1cn and 2i sin kz/2 → c†ncn+1 − c†n+1cn.
The explicit forms of  and tz are given by
 =

ss 
†
pcs 
†
pas 0 0
pcs pcpc 
†
papc 0 
†
dapc
pas papc papa 
†
dcpa 0
0 0 dcpa dcdc 
†
dadc
0 dapc 0 dadc dada
 , (A2)
tz =

tss −tTpcs −tTpas 0 0
tpcs 0 tpapc 0 −tTdapc
tpas tpapc 0 −tTdcpa 0
0 0 tdcpa 0 tdadc
0 tdapc 0 tdadc 0
 , (A3)
with
ss =
 Esc 0 c0Vss 00 Esc 0 c0Vssc0Vss 0 Esa 0
0 c0Vss 0 Esa
 , (A4)
pcs =

0 0 −2sxVps 0
0 0 −2syVps 0
0 0 0 0
0 0 0 −2sxVps
0 0 0 −2syVps
0 0 0 0
 , (A5)
pas =

−2sxVsp 0 0 0
−2syVsp 0 0 0
0 0 0 0
0 −2sxVsp 0 0
0 −2syVsp 0 0
0 0 0 0
 , (A6)
pcpc =

Epc −iλc
2
0 0 0
λc
2
i
λc
2
Epc 0 0 0 −iλc
2
0 0 Epc −λc
2
i
λc
2
0
0 0 −λc
2
Epc i
λc
2
0
0 0 −iλc
2
−iλc
2
Epc 0
λc
2
i
λc
2
0 0 0 Epc

, (A7)
papa = pcpc|Epc→Epa,λc→λa , (A8)
papc = diag (Wx,Wy, c0Vpppi,Wx,Wy, c0Vpppi) , (A9)
dapc = diag (5, 5) , (A10)
5 =

−√3sxVpd
√
3syVpd 0
sxVpd syVpd 0
−2syVpdpi −2sxVpdpi 0
0 0 −2syVpdpi
0 0 −2sxVpdpi
 , (A11)
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dcpa = dapc|Vpd→Vdp,Vpdpi→Vdppi . (A12)
10 × 10 matrix dadc has ten nonzero diagonal and four
nonzero off-diagonal elements given by
(dadc)1,1 = (dadc)6,6 = (cx + cy)
3Vdd + Vddδ
2
, (A13)
(dadc)2,2 = (dadc)7,7 = (cx + cy)
3Vddδ + Vdd
2
, (A14)
(dadc)3,3 = (dadc)8,8 = c0Vddpi, (A15)
(dadc)4,4 = (dadc)9,9 = 2cyVddpi + 2cxVddδ, (A16)
(dadc)5,5 = (dadc)10,10 = 2cxVddpi + 2cyVddδ, (A17)
(dadc)1,2 = (dadc)2,1 = (dadc)6,7 = (dadc)7,6
=
√
3
2
(cy − cx)(Vdd − Vddδ), (A18)
and
c0 = 2 cos
kx
2
+ 2 cos
ky
2
, (A19)
ci = cos
ki
2
, si = i sin
ki
2
, (A20)
Wi = 2 cos
ki
2
Vpp + 2 cos
kj
2
Vpppi, (A21)
where i, j = x, y and i 6= j. dcdc and dada are 10 × 10
diagonal matrices whose elements are given by Edc and
Eda, respectively. Matrix tz is given by
tss =
 0 0 Vss 00 0 0 VssVss 0 0 0
0 Vss 0 0
 , (A22)
tpcs =

0 0 0 0
0 0 0 0
0 0 −Vps 0
0 0 0 0
0 0 0 0
0 0 0 −Vps
 , (A23)
tpas =

0 0 0 0
0 0 0 0
−Vsp 0 0 0
0 0 0 0
0 0 0 0
0 −Vsp 0 0
 , (A24)
tpapc = diag (Vpppi, Vpppi, Vpp, Vpppi, Vpppi, Vpp) , (A25)
tdapc = diag (t5, t5) , (A26)
t5 =

0 0 0
0 0 −Vpd
0 0 0
0 −Vpdpi 0
−Vpdpi 0 0
 , (A27)
tdcpa = tdapc|Vpd→Vdp,Vpdpi→Vdppi , (A28)
tdadc = diag (Vddδ, Vdd, Vddδ, Vddpi, Vddpi,
Vddδ, Vdd, Vddδ, Vddpi, Vddpi) . (A29)
Here, the basis is taken to be ( |s, c, ↑〉, |s, c, ↓〉,
|s, a, ↑〉, |s, a, ↓〉, |px, c, ↑〉, |py, c, ↑〉, |pz, c, ↑〉, |px, c, ↓〉,
|py, c, ↓〉, |pz, c, ↓〉, |px, a, ↑〉, |py, a, ↑〉, |pz, a, ↑〉, |px, a, ↓〉,
|py, a, ↓〉, |pz, a, ↓〉,
∣∣dx2−y2 , c, ↑〉, |d3z2−r2 , c, ↑〉, |dxy, c, ↑〉,
|dyz, c, ↑〉, |dzx, c, ↑〉,
∣∣dx2−y2 , c, ↓〉, |d3z2−r2 , c, ↓〉,
|dxy, c, ↓〉, |dyz, c, ↓〉, |dzx, c, ↓〉,
∣∣dx2−y2 , a, ↑〉,
|d3z2−r2 , a, ↑〉, |dxy, a, ↑〉, |dyz, a, ↑〉, |dzx, a, ↑〉,∣∣dx2−y2 , a, ↓〉, |d3z2−r2 , a, ↓〉, |dxy, a, ↓〉, |dyz, a, ↓〉,
|dzx, a, ↓〉 ). In the actual calculations, the parameters
are taken from Ref. 59.
2. Model for (001)–film with (100)–edge
A model Hamiltonian for the film with (100)–
edge can be obtained in a similar manner to
the previous case: substitution of 2 cos kx/2 →
c†nx,nz (ky)cnx+1,nz (ky) + c
†
nx+1,nz
(ky)cnx,nz (ky)
and 2i sin kx/2 → c†nx,nz (ky)cnx+1,nz (ky) −
c†nx+1,nz (ky)cnx,nz (ky). The resulting Hamiltonian
has the form as
H˜ =
Nz∑
nz=1
Nx∑
nx=1
c†nz,nx ˜cnz,nx
+
Nz−1∑
nz=1
Nx∑
nx=1
c†nz,nxtzcnz+1,nx + H.c.
+
Nz∑
nz=1
Nx−1∑
nx=1
c†nz,nx t˜xcnz,nx+1 + H.c.. (A30)
The on-site energy ˜ is given by
˜ =

˜ss ˜
†
pcs ˜
†
pas 0 0
˜pcs pcpc ˜
†
papc 0 ˜
†
dapc
˜pas ˜papc papa ˜
†
dcpa 0
0 0 ˜dcpa ˜dcdc ˜
†
dadc
0 ˜dapc 0 ˜dadc ˜dada
 , (A31)
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with
˜ss =
 Esc 0 2cyVss 00 Esc 0 2cyVss2cyVss 0 Esa 0
0 2cyVss 0 Esa
 , (A32)
˜pcs =

0 0 0 0
0 0 −2syVps 0
0 0 0 0
0 0 0 0
0 0 0 −2syVps
0 0 0 0
 , (A33)
˜pas =

0 0 0 0
−2syVsp 0 0 0
0 0 0 0
0 0 0 0
0 −2syVsp 0 0
0 0 0 0
 , (A34)
˜papc = 2cydiag (Vpppi, Vpp, Vpppi, Vpppi, Vpp, Vpppi) ,
(A35)
˜dapc = diag (˜5, ˜5) , (A36)
˜5 =

0
√
3syVpd 0
0 syVpd 0
−2syVpdpi 0 0
0 0 −2s2Vpdpi
0 0 0
 , (A37)
˜dcpa = ˜dapc|Vpd→Vdp,Vpdpi→Vdppi . (A38)
(˜dadc)1,1 = (˜dadc)6,6 = cy
3Vdd + Vddδ
2
, (A39)
(˜dadc)2,2 = (˜dadc)7,7 = cy
3Vddδ + Vdd
2
, (A40)
(˜dadc)3,3 = (˜dadc)8,8 = 2cyVddpi, (A41)
(˜dadc)4,4 = (˜dadc)9,9 = 2cyVddpi, (A42)
(˜dadc)5,5 = (˜dadc)10,10 = 2cyVddδ, (A43)
(˜dadc)1,2 = (˜dadc)2,1 = (˜dadc)6,7 = (˜dadc)7,6
=
√
3
2
cy(Vdd − Vddδ). (A44)
The hopping along (001)–direction tz is the same as that
defined in the previous section. The hopping along (100)–
direction tx is given by
tx =

tss −tTx,pcs −tTx,pas 0 0
tx,pcs 0 tx,papc 0 −tTx,dapc
tx,pas tx,papc 0 −tTx,dcpa 0
0 0 tx,dcpa 0 tx,dadc
0 tx,dapc 0 tx,dadc 0
 ,
(A45)
with tss defined by Eq. (A22) and
tx,pcs =

0 0 −Vps 0
0 0 0 0
0 0 0 0
0 0 0 −Vps
0 0 0 0
0 0 0 0
 , (A46)
tx,pas =

−Vsp 0 0 0
0 0 0 0
0 0 0 0
0 −Vsp 0 0
0 0 0 0
0 0 0 0
 , (A47)
tx,papc = diag (Vpp, Vpppi, Vpppi, Vpp, Vpppi, Vpppi) , (A48)
tx,dapc = diag (tx,5, tx,5) , (A49)
tx,5 =

−√3Vpd/2 0 0
Vpd/2 0 0
0 −Vpdpi 0
0 0 0
0 0 −Vpdpi
 , (A50)
tx,dcpa = tx,dapc|Vpd→Vdp,Vpdpi→Vdppi , (A51)
(tx,dadc)1,1 = (tx,dadc)6,6 =
3Vdd + Vddδ
4
, (A52)
(tx,dadc)2,2 = (tx,dadc)7,7 =
3Vddδ + Vdd
4
, (A53)
(tx,dadc)3,3 = (tx,dadc)8,8 = Vddpi, (A54)
(tx,dadc)4,4 = (tx,dadc)9,9 = Vddδ, (A55)
(tx,dadc)5,5 = (tx,dadc)10,10 = Vddpi, (A56)
(tx,dadc)1,2 = (tx,dadc)2,1 = (tx,dadc)6,7 = (tx,dadc)7,6
= −
√
3
4
(Vdd − Vddδ). (A57)
3. (111)–film of Bi2Se3
Here we supply a tight-binding model of (111)–film of
TI Bi2Se3. The Hamiltonian in low-energy region con-
sists of two orbitals and spins as38
HTI =
Nz∑
n=1
c†nTIcn +
(
Nz−1∑
n=1
c†ntzTIcn+1 + h.c.
)
, (A58)
with
TI =
 C +M 0 B sin kzc A−0 C +M A+ −B sin kzcB sin kzc A− C −M 0
A+ −B sin kzc 0 C −M
 ,
(A59)
12
# of layer even odd
class AII–R+ AII–R−
[ΘˆX¯,
√M2M] = 0 {Θˆ,√M2M} = 0
period 4pi 2pi
Kramers X¯, M¯ no
inversion yes yes
TABLE I. Summary of symmetries of the film. Symmetry
classes of the even and odd numbers of layers are AII–R+
and AII–R− defined in Refs. 69 and 70, respectively. Time-
reversal operators Θˆ and ΘˆX¯ are defined in Appendix B 3. M2
is proportional to the identity matrix. Period in the momen-
tum space, position of Kramers pair (time-reversal invariant
momentum), are summarized for the even and odd numbers
of layers in each mirror sector.
tzTI =
−M1 − C1 0 iB/2 00 −M1 − C1 0 −iB/2iB/2 0 M1 − C1 0
0 −iB/2 0 M1 − C1
 ,
(A60)
C = 2C1 + C2(2− cos kxa− cos kya), (A61)
M = M0 + 2M1 +M2(2− cos kxa− cos kya), (A62)
A± = A(sin kxa± i sin kya), (A63)
where Nz is the number of the quintuple layers of film,
and the basis is taken as (|+, ↑〉, |+, ↓〉, |−, ↑〉, |−, ↓〉),
in which ± and ↑/↓ denote the parity eigenvalue of
the orbital and spin respectively. The parameters for
Bi2Se3 are evaluated as follows,
38 M0 = −0.28eV, M1 =
0.216eV, M2 = 2.60eV, A = 0.80eV, B = 0.32eV,
C1 = 0.024eV, C2 = 1.77eV, a = 4.14A˚, and c = 9.55A˚.
In the model the crystal structure is approximated to be
cubic while the actual structure is rhombohedral, since
the difference does not alter the long-wavelength physics.
Appendix B: Symmetry
Symmetries of the film is different from those of the
three-dimensional bulk system. Moreover, the even and
odd numbers of layers have different symmetries. The
result is summarized in TABLE I.
1. (001)–reflection symmetry
First, we start with (001)–reflection symmetry, which
is satisfied in both the even and odd numbers of layers.
The Hamiltonian has the form
H(k) =
Nz∑
n=1
c†n(k)(k)cn(k)
+
Nz−1∑
n=1
[
c†n(k)tzcn+1(k) + c
†
n+1(k)t
†
zcn(k)
]
, (B1)
where k = (kx, ky), matrices  and tz are defined in Ap-
pendix A 1.  and tz are transformed by (001)–reflection,
as follows,
M(k)M† = (k), MtzM† = t†z. (B2)
(001)–reflection operator M is given by M = −iPzsz,
where Pz is the z → −z operator acting on the or-
bital space and sz is the z–component of spin. From the
above relations, one finds the (001)–reflection symmetry
MH(k)M† = H(k) with
Mcn(k)M† = ηMcNz+1−n(k), (B3)
where phase factor η is defined in Eq. (1). Note that the
above discussion is applied also for the even numbers of
layers, nevertheless the actual lattice with even number
of layers does not have (001)–reflection symmetry. This
is because the system has in-plane translational symme-
try. The Hamiltonian H is expressed in the momentum
(kx, ky) space so that the translational symmetry is im-
plemented in H. Namely, the microscopic positions of
cation and anion are no longer distinguished in H(kx, ky).
In this sense, the even number of layers has the (001)–
reflection symmetry.
With the help of the (001)–reflection symmetry, Hamil-
tonian H can be decomposed into two mirror sectors:
H = H+ ⊕H−, H± = P±HP±, (B4)
with the mirror-projection operator P± =∑
m |m,±〉〈m,±|, M|m,±〉 = ±|m,±〉, and |m,±〉
denotes the m–th eigenvector of H±.
2. Periodicity
The projected Brillouin zone is given by |ky| ≤ 2pi −
|kx|, kx ∈ [−2pi, 2pi]. The reciprocal lattice vectors are de-
fined by G1 = 2pi(ex + ey) and G2 = 2pi(−ex + ey) with
ex = (1, 0) and ey = (0, 1). However, the Hamiltonian
does not have the trivial periodicity: H(k) 6= H(k+Gi).
In order to retain the periodicity, a gauge transforma-
tion U is needed. Periodicity of  and tz gives following
relations,
(k) = U(k +Gi)U
†, tz = −UtzU†, (B5)
where U is the operator giving a negative sign to wave
functions of the anions. Consequently, periodicity of the
film is satisfied as
H(k) = UH(k +Gi)U†, (B6)
with
Ucn(k)U† = (−1)nUcn(k +Gi). (B7)
The negative sign factor changes the periodicity in each
mirror sector: in the case of odd (even) numbers of layers,
U (anti)commutes with M.
MU+(−1)NzUM = 0. (B8)
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FIG. 15. 2pi [(a) and (b)] and 4pi [(c) and (d)] periodicities of
energy dispersion in each mirror sector. Edge spectral func-
tion for Nz = 19 [(a) and (b)] and for Nz = 20 [(c) and (d)]
of SnTe film. (a) and (c) [(b) and (d)] show those around
ky = −pi (ky = pi).
Thus 2pi periodicity H±(k) = UH±(k+Gi)U† is satisfied
only for the odd numbers of layers. On the other hand,
for the even numbers of layers, the Hamiltonian has the
doubled periodicity
H±(k) = UH∓(k +Gi)U† = H±(k +G1 +G2). (B9)
The periodicities can be directly confirmed in the
(10)–edge spectral functions shown in Fig. 15. The
edge spectral function for the odd numbers of layers in
−2pi ≤ ky ≤ 0 [Fig. 15(a)] takes the same value as that
in 0 ≤ ky ≤ 2pi [Fig. 15(b)], i.e., the period is 2pi. On
the other hand, for the even numbers of layers, those in
−2pi ≤ ky ≤ 0 [Fig. 15(c)] and in 0 ≤ ky ≤ 2pi [Fig.
15(d)] are different, i.e., the resulting period is given by
not 2pi but 4pi.
3. Time-reversal symmetry
The system has time-reversal symmetry,
H(k) = ΘˆH(−k)Θˆ−1, (B10)
Θˆcn(k)Θˆ
−1 = Θcn(−k), (B11)
Θˆc†n(k)Θˆ
−1 = c†n(−k)Θ−1, (B12)
with Θ = −isyK. Matrices (k) and tz has the following
relation,
Θ(k)Θ−1 = (−k), ΘtzΘ−1 = tz. (B13)
The Γ¯ and M¯ points are time-reversal invariant momenta
(TRIM), but the X¯ point is not. At X¯: (pi, pi) = G1/2 and
Y¯: (−pi, pi) = G2/2 points, the different time-reversal
symmetry is satisfied as
H(k +Gi/2) = ΘˆX¯H(−k +Gi/2)Θˆ−1X¯ , (B14)
with ΘˆX¯ = UΘˆ. Similarly to the periodicity in the previ-
ous section, the negative sign factor changes the symme-
try in each mirror sector. ΘˆX¯ (anti)commutes with M
for odd (even) numbers of layers;
MΘˆX¯ + (−1)Nz ΘˆX¯M = 0, (B15)
i.e., the system belongs to the class AII–U+− in Ref. 71
(or AII–R− in Refs. 69 and 70) in odd numbers of layers
and to the class AII–U−− (or AII–R+) in even numbers
of layers. As a result, in the even numbers of layers,
ΘˆX¯ symmetry requires Kramers pairs only at the X¯ and
Y¯ points within each mirror sector. Note that Θ inter-
changes the mirror sectors; ΘˆH±(k)Θˆ−1 = H∓(−k), due
to [Θˆ,M] = 0.
4. Spatial-inversion symmetry
As in the case of the time-reversal symmetry, spatial-
inversion symmetry takes different forms depending on
the TRIM. At the Γ¯ point, the inversion symmetry is
expressed as follows,
H(k) = PH(−k)P†, (B16)
Pcn(k)P† = PcNz+1−n(−k), (B17)
where P acts on the orbital space. P commutes withM
for both even and odd numbers of layers. On the other
hand, at the X¯ point,
H(k +Gi/2) = PX¯H(−k +Gi/2)P†X¯, (B18)
with PX¯ = UP. PX¯ (anti)commutes withM for the odd
(even) numbers of layers;
MPX¯ + (−1)NzPX¯M = 0. (B19)
Equations (B15) and (B19) lead to
PΘˆH±Θ−1P† = H∓, PX¯ΘˆX¯H±Θ−1X¯ P
†
X¯
= H∓, (B20)
namely, all the energy bands in each sector is not doubly
degenerated, except for the X¯ points.
5. Rotational symmetry
The film has C4 symmetry along the z-axis:
H(k) = C4H(k′)C†4, C4cn(k)C†4 = C4cn(k′) (B21)
with C4 = e
−ijzpi/2, where k′ is the rotated momentum
and jz denotes the z-component of the total angular mo-
mentum. Combination of C4, Θ, and U leads to
H
(
k + M¯
)
= C˜4H
(−k′ + M¯) C˜†4, (B22)
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with C˜4 = C4UΘˆ and M¯ = (G1 + G2)/2 being the M¯
point. Furthermore, C˜4 (anti)commutes with M for odd
(even) numbers of layers;
MC˜4 + (−1)Nz C˜4M = 0. (B23)
From these relations and C˜24 = −C24 , there are Kramers
pairs if the states have the real eigenvalue (±1) of C4, for
the even numbers of layers in each mirror sector.
Appendix C: Topological number in the even
numbers of layers
The topological number ζM Eq. (11) is a Z topological
invariant protected by translational, reflection, and time-
reversal symmetries. Definition and numerics for ζM are
shown based on Refs. 72 and 73.
The (001)–films with odd numbers of layers has (001)–
reflection symmetry. This allows us to define the mirror
Chern number since time-reversal symmetry is broken
within each mirror sector. Such a symmetry is called
R− in Refs. 69 and 70. The films with even numbers of
layers, on the other hand, does not have (001)–reflection
symmetry itself but they have the corresponding glide
symmetry. It is possible to decompose the Hamilto-
nian of the even numbers of layers into two independent
sectors in the same way as in the odd numbers of lay-
ers (Appendix B 1). But the mirror Chern number in
the even numbers of layers always vanishes since time-
reversal symmetry arises within each mirror sector (Ap-
pendix B 3). This symmetry is called R+. For class AII–
R+ in two spatial dimensions, the possible topological
invariant is the Z2 number, which is the same as that
in two-dimensional TI with time-reversal symmetry.69,70
However, this is not the case for the present problem
since the Brillouin zone in each mirror sector is doubled
(Appendix B 2) and time-reversal invariant momenta are
located only at the X¯ points, which are inner points in the
doubled Brillouin zone, not at the zone center Γ¯ point.
This type of time-reversal symmetry stemming from glide
symmetry is different from that in other systems: time-
reversal invariant momenta are located at the zone center
and boundary in conventional cases. Thus the Z2 invari-
ant does not work in the even numbers of layers. There-
fore, we introduce another topological invariant consis-
tent with glide and time-reversal symmetries in two spa-
tial dimension, as follows.
1. Definition
Each mirror sector for the even numbers of layers
have the doubled periodicity Eq. (B9) in the momen-
tum space. The Brillouin zone is also doubled (−2pi ≤
kx, ky ≤ 2pi) as denoted by the solid lines in Fig. 16. We
define a topological number ζM = (ζ+−ζ−)/2 in the even
numbers of layers in the doubled Brillouin zone, where ζ±
is defined by the winding number of the Wannier center;
ζ± =
1
2pi
∫ 2pi
0
dky
∂θ±(ky)
∂ky
− θ±(2pi)− θ±(0)
2pi
∈ Z.
(C1)
The Wannier center θ± is obtained from the Wilson loop
as
θ±(ky) = Im ln detD±(ky) = ImTr lnD±(ky), (C2)
with
D±(ky) = P exp
[
i
∫ pi
−pi
dkxA±(k)
]
B±(ky). (C3)
The non-Abelian Berry connection A±(k) and matrix
B±(ky) are given by
A±(k) = −iV †±(kx, ky)
∂V±(kx, ky)
∂kx
, (C4)
and
B±(ky) = V
†
±(pi, ky)V±(−pi, ky), (C5)
where matrix V±(kx, ky) is defined by
V±(kx, ky) =
(
|kx, ky, 1,±〉, · · · , |kx, ky, 2N±,±〉
)
,
(C6)
with |kx, ky,m,±〉, m = 1, · · · , 2N±, an eigenvector of
the Hamiltonian for occupied states. Here m is an oc-
cupied band index in each mirror sector, and N± is the
number of the occupied states.
For numerical calculation, the following discretized
form is useful,
θ±(ky) =
Nx−1∑
i=0
Im ln detFi,i+1,±(ky) + Im ln detB±(ky),
(C7)
where
Fi,i+1,±(ky) = V
†
±(ki, ky)V±(ki+1, ky), (C8)
with ki = −pi + 2pii/Nx and i = 0, · · · , Nx. Note that,
in the numerical calculation, the following must be ex-
plicitly taken into account to preserve gauge symmetry.
V †±(ki+1, ky) in Fi+1,i+2,±(ky) is the hermitian conjugate
of V±(ki+1, ky) in Fi,i+1,±(ky). Similarly, V
†
±(pi, ky) and
V±(−pi, ky) in B±(ky) are the hermitian conjugates of
V±(pi, ky) in FNx−1,Nx(ky) and V
†
±(−pi, ky) in F0,1,±(ky),
respectively.
The glide–winding number ζM can be extended to
three-dimensional systems. If a system has glide
symmetry as H(kx, ky, 0) = M0H(kx, ky, 0)M
†
0 and
H(kx, ky, pi) = MpiH(kx, ky, pi)M
†
pi (M0 6= Mpi in gen-
eral), a set of glide–winding numbers ζM|kz=0 and
ζM|kz=pi at the symmetric planes of kz = 0 and kz = pi
are the Z× Z invariant in three spatial dimension.
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2. Symmetry
Quantity related to physical phenomena must be gauge
invariant. Here we show the topological number ζ± is
invariant under U(2N±)–gauge transformation. Further-
more, we explain that this number is quantized to an
integer protected by spatial inversion symmetry.
a. Gauge symmetry
θ±(ky) is U(2N±)–gauge invariant, as shown below.
For V±(kx, ky) → V±(kx, ky)w±(k), with w±(k) ∈
U(2N±), the non-Abelian Berry connection is trans-
formed to
A±(k)→ w†±(k)A±(k)w±(k)− iw†±(k)
∂w±(k)
∂kx
, (C9)
and its integral of U(1) part is given by∫ pi
−pi
dkxTrA±(k)
→
∫ pi
−pi
dkxTrA±(k)− i
∫ pi
−pi
dkx
∂
∂kx
Tr lnw±(k)
=
∫ pi
−pi
dkxTrA±(k)
− iTr lnw±(pi, ky) + iTr lnw±(−pi, ky), (C10)
And also, matrix B±(ky) is transformed to
Tr lnB±(ky)→ Tr lnB±(ky)
− Tr lnw±(pi, ky) + Tr lnw±(−pi, ky). (C11)
These relations proves that the Wannier center θ±(ky) is
gauge invariant.
b. Inversion symmetry
Inversion symmetry is preserved in both the even and
odd numbers of layers (see Appendix B 4), i.e., inversion
operator P can be restricted onto the space spanned by
the 2N± occupied states; P → P± ≡ P±PP± ∈ U(2N±).
The eigenvectors are transformed to
V±(kx, ky)→ V±(−kx,−ky)P±. (C12)
Therefore, one obtains
A±(k) = −P†±A±(−k)P±, (C13)
B±(ky) = P†±B†±(−ky)P±, (C14)
namely the Wannier center satisfies the following rela-
tion,
θ±(ky) = −θ±(−ky). (C15)
This means that a winding number defined in the entire
Brillouin zone (−2pi < ky < 2pi, region I ∪ II in Fig.
16) is twice as large as that in half the Brillouin zone
(0 < ky < 2pi, region I in Fig. 16). This is why the
topological number ζ± is defined in 0 < ky < 2pi in Eq.
(11). Moreover, at the spatial-inversion invariant mo-
menta ky = 0 and ky = 2pi, the Wannier center is fixed
to θ±(0), θ±(2pi) = 0 or pi, which removes 2npi–ambiguity
in the winding number. As a result, the winding number
ζ± is proven to be a Z topological invariant.
c. Time-reversal symmetry
Time-reversal symmetry Eq. (B10) is preserved in the
system but not in each mirror sector: Θˆ interchanges the
mirror-even and mirror-odd sectors as
A±(k) = T A∗∓(−k)T −1, (C16)
B±(ky) = T BT∓(−ky)T −1, (C17)
with T being a skew matrix. As a result, the Wilson loop
satisfies
D±(ky) = T DT∓(−ky)T −1. (C18)
which implies that the Wannier centers in each mirror
sector are not independent,
θ±(ky) = θ∓(−ky). (C19)
Equations (C15) and (C19) result in ζ+ + ζ− = 0. Only
the difference ζM = (ζ+ − ζ−)/2 can take a finite value.
The even numbers of layers have the additional time-
reversal symmetry at the X¯ point (see Appendix B 3).
The non-Abelian Berry connection around the X¯ point
(= Gi/2) is transformed as
A±(k +Gi/2) = TX¯A∗±(−k +Gi/2)T −1X¯ . (C20)
Suppose the Wilson loop D′±(ky) defined in region I [Fig.
16(a)] as
D′±(ky) = P exp
[
i
∫ 2pi
−2pi
dkxA±(k)
]
, (C21)
where V±(2pi, ky) = V±(−2pi, ky) is fixed due to Eq.
(B9) H±(k) = H±(k + G1 + G2). The Wannier center
θ′±(ky) = Im ln detD
′
±(ky) satisfies the following relation,
θ′±(ky + pi) = θ
′
±(−ky + pi), (C22)
since D′±(ky + pi) = TX¯D′T± (−ky + pi)T −1X¯ . Namely, a
topological number defined in entire region I (−2pi ≤
kx ≤ 2pi, 0 ≤ ky ≤ 2pi) in Fig. 16(a) vanishes. In order
to extract nontrivial contribution of topological number,
the domain is divided so that one half of Kramers pair
is picked up. There are two ways to divide region I. One
is I → III + IV [Fig. 16(b)]. That defined in region
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FIG. 16. Domain of integration for topological numbers. The dashed and solid lines indicate the projected Brillouin zone
and that in each mirror sector for the even numbers of layers, respectively. The Γ¯ (kx = 0, ky = 0) and M¯ (2pi, 0) points are
spatial-inversion invariant momenta (SIIM) and the X¯ point (pi, pi) is a time-reversal invariant momentum (TRIM). Regions
I–VI denote the domain reduced by symmetries. Topological numbers defined in regions III and V are Z (ζ±) and Z2 (ν±)
numbers, respectively.
III [Fig. 16(c)] is the Z topological invariant, which is
already introduced in Eq. (C1). The other is I → V
+ VI [Fig. 16(d)]. A topological number ν± defined in
region V [Fig. 16(e)],
ν± =
∫ pi
0
dky
2pi
∂θ′±(ky)
∂ky
− θ
′
±(pi)− θ′±(0)
2pi
, (C23)
is a Z2 topological invariant, since eigenvalues of D′±(pi)
are doubly degenerated due to TX¯ = −T TX¯ . The two-
fold degeneracy leads to 4npi (not 2npi) phase ambigu-
ity in θ′(pi). The spatial inversion symmetry requires
θ′(0) = 0, as in Eq. (C15). In consequence, ν± mod 2
is a Z2 topological invariant. In the actual calculation,
however, ν± = 0 mod 2 is obtained. A nontrivial topo-
logical number in the even numbers of layers comes from
ζM, which is explained in the following section.
3. Wannier-center flow
Here we show examples of the Wannier-center flow and
the corresponding topological number ζM denoted in Fig.
10(a). Figure 17 shows the Wannier-center flow around
the transition from ζM = 0 to |ζM| = 2. For Nz = 12,
the Wannier center θ+ in the mirror-even sector does
not wind [Figs. 17(a) and 17(b)]. For Nz = 14, on the
other hand, the Wannier center goes through the branch
cut (θ = ±pi) twice at k ∼ 0.914pi and k ∼ 0.933pi.
This results in the winding number of θ+ is two, i.e., the
corresponding topological number is given by |ζM| = 2.
Figure 18 shows the Wannier-center flow for Nz = 38
and Nz = 40, where the topological number changes
from |ζM| = 2 to ζM = 0. For Nz = 38, the Wannier
center goes through the branch cut at ky ∼ 0.913pi and
ky ∼ 1.045pi, i.e., the winding number is obtained to be
|ζM| = 2. On the other hand, for Nz = 40, the Wan-
nier center goes through the branch cut from above at
ky ∼ 0.913pi, but from below at ky ∼ 0.97pi. Hence the
winding number vanishes; ζM = −1 + 1 = 0 for Nz = 40.
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